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I. Introduction

OR the active vibration control of large flexible structures,

controller designs are usually based on a spatially discrete
model that is a finite dimensional approximationof the original sys-
tem that is inherently a distributed parameter system with infinite
dimensions.! This approximate model, in spite of being a reduced
representation of the original system, is generally of too high an
order for a control designer to manage because of limited comput-
ing resources. Hence, in many cases, this model must be reduced
even further by employing an appropriate model reduction method.
As a result, a fundamental problem arises in that an infinite dimen-
sional or high-order system must be controlled by a controller of
greatly reduced order. This causes the spillover phenomenonto oc-
cur, which degrades control performance and reduces the stability
margin. Furthermore, it may destabilize the entire feedback control
system.

Balas>? showed that a model reduction in flexible structure sys-
tems can resultin spillover, which arises from control and measure-
ment coupling between the controlled and residual systems. Fur-
thermore, spillover leads to possible instability in flexible structure
systems, which is known as spillover instability>~* In the active
control of large flexible structures with discrete sensors and actua-
tors, spilloveris unavoidable and undesirable, and, hence, effective
spillover reduction or suppression methods are required in control
system design.

In this Note, a novel spillover suppression method for large
flexible structures is developed by designing an observer that
has spillover suppressibility via eigenstructure assignment. This
spillover suppression can be achieved by making the observer’s
left eigenvectors be orthogonal to the column space of an obser-
vation spillover term. However, because the observer gain itself
enters the observation spillover term, a conventional eigenstructure
assignment must be applied in an iterative way to calculate both the
observer gain and left eigenvectors simultaneously. To avoid this
complexity, the modified eigenstructure assignment is proposed to
solve analytically this spillover suppression problem. The effec-
tiveness of the proposed method is verified in simulations where a
simply supportedflexiblebeam model having four controlledmodes
and eight uncontrolled (residual) modes is used.

II. Spillover Instability

Let the controlled and uncontrolled (residual) systems of large
flexible structures be represented as follows:
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where x.(¢) € R*™ and x,(t) € R" represent the states of the con-
trolled and residual systems, respectively. By the use of a similarity
transformation, the correlations between the controlled system A,
and residual system A, are convertedinto the external coupling that
is represented by the input matrices B, and B,, and the control input

u(t) € R™ is determined depending only on the controlled system.
In addition, the system’s outputy(#) € R’ can be obtainedas follows:

y) = Cex (1) + Cox, (1) 2)

Here, it is assumed that (B., A.) is controllable and (C,, A.) is
observable.

If a state feedbackis appliedto Eq. (1), the followingdeterministic
estimator (Luenberger observer) must be introduced for any states
that are not measured by sensors:

(D) = A&(D) + Bau() + Kly(0) = ()]

Y1) = Cx (1) (3)
Here, x.(t) € R", y(t), and K represent the estimated states, es-
timated output, and observer gain matrix, respectively. The state
feedback controlu(#) can then be constructedby using the estimated
states as follows:

u(t) = —Gx.(1) )
where G is the control gain matrix. If we define the state estimation
errors as e, () =x.(t) —x.(t), then the following equation can be
easily derived from Eqgs. (1) and (3):

éc(t) = (Ac - ch)ec(t) + KC,.x,.(t) (5)

Thus, we can construct a composite closed-loop system as
follows:

x.(1) A.,—B.G —-B.G 0 | x
e.(t) | = 0 A, —KC.|KC, | | et
x,(t) —B,G -B,G | A ] [x®
Hy AH
1 — [x. ()]
e O O He %) ©)
= e.
H, Hj 0 0

x, (1) |

From Eq. (6), we can see that the residual modes x,(¢) are excited
by the controlled modes x,.(¢) and the estimation error e, (¢) through
the matrix term — B, G, which s called control spillover. The control
spillover does not solely destabilize the entire feedback system, but
it may degrade the control performancein vibration attenuation. In
addition, the estimation process is disturbed by the excitation of
residual modes x, () through the matrix term K C,, which is called
observation spillover. This disturbance is originally caused by the
sensor outputs being contaminated by the residual modes in Eq. (2).

In Eq. (6), we can always construct a stable closed-loop system
by designing the control gain G and observer gain K appropriately,
only if the observation spillover is not present (KC, = Hj, =0).
In this case, the eigenvalues of the composite closed-loop sys-
tem are exactly those of A, — B.G, A. — KC,_, and A, by block
triangularity. However, when the observation spillover is present
(KC, = Hy,#0), even small perturbations caused by spillover in
the original eigenvalues of Hy, may lead to instability because the
stability margin of large flexible structures is especially small, par-
ticularly for the eigenvalues of A,. This phenomenon is known as
spillover instability>~*

Spillovertends toreduce the stability margin by shifting the stable
eigenvalues of Hy in Eq. (6) toward the right-half complex plane.
The bound on the stability margin reduction due to spilloveris given
inRef. 3. Althoughwe shouldnotalways expect spilloverto produce
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instability, all modal controllershave the potentialto generate insta-
bility unless the observation spillover is eliminated or suppressed.

III. Spillover Suppression

From Eq. (5), we can obtain the following equation by using
modal decomposition (A, — KC, = ®AWT):

é.(1) = (@AY e (1) + KCyx, (1) M

where A € R"<*"¢ is a diagonal matrix of eigenvalues and ¢ and
W are the right and left modal matrices, respectively. If the initial
values are assumed to be zero, then the solutionof Eq. (7) is obtained
as

rf
ec(t):d>f AO(WT L KC)x, () dT, e (0)=0 (8)
0

Here, to eliminate the effect of the observationspillover completely,
we must design an observer that satisfies the following condition:

v . (KC,) =[0] 9

which means that all of the left eigenvectors v;,i=1,2,...,n,,
are exactly orthogonal to the subspace spanned by all of the column
vectors of KC,.

Note that, if C, has a full column rank, the complete spillover
eliminationas seenin Eq. (9) can be achieved only when the number
of independent sensors is equal to or greater than the dimension of
the residual system (I > n,). However, it is very difficult to satisfy
the condition in Eq. (9) because the number of independentsensors
is equal to or less than the dimension of the controlled system that
is smaller than that of the residual system in a general case.

Hence, based on the conceptof modal disturbance suppression;’-¢
we attempt to reduce the detrimental effect of the observation
spillover by minimizing the norm of (W7 - K C,) elementwise. This
minimization can actually be achieved by making each eigenvec-
torep,,i=1,2,...,n. beas orthogonal as possible to some of the
column vectors in K C, that are selected for their significant contri-
butions to the observation spillover into the ith controlled mode.

On the other hand, the sensitivity of eigenvalues to the pertur-
bations caused by spillover can be minimized, in general, by min-
imizing the condition number of the corresponding modal matrix.
Therefore, we also consider it in this spillover suppression method,
and it is well known that near orthogonality of eigenvectorsis most
preferable to achieve the minimum condition number.’

IV. Eigenstructure Assignment
for Spillover Suppression

In observer design, it is obvious that our goal for suppressingthe
observation spilloveris to obtain the observer gain K, which makes
each lefteigenvectorsatisfy two spillover suppressionconditions as
stated in the preceding section, by using eigenstructure assignment.
However, when a conventionaleigenstructureassignmentis applied
to design such an observer, because the observer gain matrix itself
enters the observation spillover term K C,, a complex and iterative
numerical method must be employed to calculate both the observer
gain and left eigenvectors simultaneously. To avoid this drawback,
the modified eigenstructureassignment that can analytically obtain
boththe observergain and lefteigenvectorstfor spilloversuppression
is proposed in this section.

Let A ={X\, Ay, ..., A, } beaself-conjugateset of distincteigen-
values for simplicity. Then, the left eigenvalue problem for the ob-
server in Eq. (5) can be transformed to the form of the right eigen-
value problem by its transpositionas follows:

[ (il — Ac+ KC)Y = (aily. — AT +CTK)9p, =0
(10)

where I, is an (n. X n.) identity matrix. Hence, by using the
duality,? we can solve the lefteigenstructureassignmentfor observer
by using the right eigenstructure assignment for the controller form
(AT — CT KT) asseeninEq. (10). Note that, if a system has repeated
eigenvalues, the eigenvalue problem can easily be generalized?
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First, we define

S, = [nid,, — AT

i

cr] (1

and a compatibly partitioned matrix as

N,
R»\i =l —-——— (12)
M;,

where the columns of matrix R;, form a basis for the null space of
Sy, If CCT has full rank, it can be shown that the columns of N;, and
M,, are linearly independent.®

Then, the right eigenvalue problem in Eq. (10) can be rewritten

as follows:
P,
crll---|=o0 (13)
K",

Here, we introduce the parameter vector, k; € R!, defined by

[l —A!

h, = KT, i=1,2,...n (14)

Then, Eq. (13) can be rewritten as

¥
cr] [———} =0 (15)
h;

From Egs. (11), (12), and (15), there exists a relationshipas follows:

1/’1‘ N)»i
== |=-——1%: i=1,2,...,n, (16)
h; M,

where gz; is the linear combination coefficient vector that can gener-
ate both the achievable eigenvectors 1] from the column space of
N,,; and the achievable parameter vectors k¢ from the column space
of M;, simultaneously.

To find the coefficient vectors z;, we choose the desired param-
eter vectors k¢ and the desired eigenvectors 1/:;’ that satisfy the
spillover suppressionconditions presented in the preceding section
and summarized as follows.

[3i1, — Al

Condition 1

The desired parameter vector k¢ is as orthogonal as possible to
some of the column vectorsin C, =[¢,; ¢, --- ¢, ] that are se-
lected for their significant contributionsto the observation spillover
into the ith controlled mode.

Condition 2

The desired modal matrix W¥ =[4){ 13 --- 4% ] is orthogo-
nal. By a properlinear combinationof the nullspacesof each column
vectore,;, j=1,2,...,n,, with a weighting factor ;, we can ob-
tain such desired parameter vectors k¢ as in condition 1 from the
following equation:

h;’:[ker(cfl) | ker(c,.Tz) | | ker("rrm)]'ai

i=12,....,n. (17)

where ker(-) represents the null space of (-). Here, a; can be de-
termined to give more weight on the corresponding null spaces of
some column vectors that play a significant role in the observation
spillover into the ith controlled mode than others. Of course, it is
based on an assumption that we have the full knowledge of which
residual modes have more significant influence of spillover on the
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ith controlled mode than others. Note that there is no need for n.
desired parameter vectors to be independent.

When the desired parameter vector k¢ is obtained to satisfy
condition 1, then there may be many eigenvectors that satisfy
Eq. (14). Thus, by using the redundant freedom in this set of eigen-
vectors, we can selectthe desired eigenvectorsto satisfy condition2.
Note that, from Eq. (17), the desired parameter vector k¢ is obtained
to be real because the residual output matrix C, is areal one. Hence,
it is more desirable that the desired eigenvalues and eigenvectors
should be real rather than complex.

Once the desired parameter vectorh¢ and desired eigenvectorwj.’
that satisfy the spillover suppression conditions are selected, then
the coefficient vectorz; can be obtained by the following equation:

(18)

where the brackets and the dagger superscriptdenotes the pseudoi-
nverse of a given matrix in brackets. Although the desired eigen-
vector 1/:;’ does not reside exactly in the achievable eigenspace, the
achievableeigenvector){ can be obtained in the least-square sense
by using z; from Eq. (18) as follows:

1/’7 = N»\iZi (19)
In the same way, the achievable parameter matrix h{ can also be
obtained by using z; as follows:

hi =M, z; (20)
Then, the observer gain K can be obtained from Eq. (14) and given
by the matrix equation as follows:
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Table 1 Eigenvalues of open loop, case 1, and case 2

Open loop Case 1 Case 2
Controlled system —6.2974 —4.8226 4 1.9100
—0.0006+0.3679¢ —4.0445 —4.8226—1.9100i

—0.0005+0.2807i

Residual system
—0.0005+0.1860¢
—0.0005+0.1058i
—0.0005+0.0472i
—0.0005+ 0.0118i

0.0499+1.5609i

0.0499 — 1.5609i
—1.2943+0.9214i
—0.2108
—0.0087+0.0495i
—0.0318+0.1704i
—0.0053
—0.0269+0.0309i
—0.0113+0.1993i

—0.0541+1.3581i
—0.0541 —1.3581i
—1.5397+£0.9174i
—0.2034

—0.0096+0.1969i
—0.0319+0.1720i
—0.0054

—0.0256+0.0309i
—0.0141+0.0494i

The eigenvalues of the open-loop system are densely spaced as de-
scribed in Table 1, which is one of the representative characteristics
of large flexible structures. Let the desired eigenvaluesfor controller
be

Aconoler ={—0.4 —0.5 —-0.8 —1.0}

and an eigenstructure assignment scheme is applied in controller
design.

In these simulations, we consider two cases of observer design:
One is that a conventional eigenstructure assignment is applied to
minimize the sensitivity of eigenvalues without any consideration
for spillover suppression, and the other is that the proposed eigen-
structure assignment for spillover suppressionis applied. Note that,
in these two cases, the identical controlleris applied. Let the desired
eigenvalues of observer be the same for the two cases as

Aobserver = {_22 -25 -2.8 —30}

Inthefirstcase of observerdesign(case 1), we try to minimize only
the sensitivity of eigenvalues; hence, the minimum condition num-
ber of the achievedleft modal matrix k(W) is obtained as 263.5680.

KT = H (W)™ @n Here, k(cdot) represents the condition number of (-). Then, the ob-
where H =[h% h¢ --- he]. ;erver %ain matrix K and its Frobenious norm are calculated as
¢ ollows:
V. Numerical Example —64.4777 29.5985  26.1795 —61.2951
model was used to verify he valdity and eHfectivencsoof the pro- _ | 7299010 306381 297092 231537
posed spilloversuppressiyonmethod."}I]'he beam was modeled to have 4.0863 —1.8461 —1.7412 3.9883
four controlled modes that were controlled by four collocated ac- 2.8071 —3.1451 —3.1451 —2.4602
tuators and sensors and eight residual modes that were to generate
spillover as follows: 1Ko = 113.1525
[0]2x2 | 1Y) [0]2x4
x.(t) = Acx.(t) + Bu(t) = | —0.0788 0 —0.0011 0 x.(t)+ 105211 —0.2319 —0.2319  0.5211 |u(?)
0 —0.1353 0 —0.0011 0.4179 -0.5211 0.5211 —0.4179
[0]sx4 | L4
—0.0001 0 0 0 —0.001 0 0 0
x, (1) = Ax, (t) + Bou(t) = 0 —0.0022 0 0 0 —0.001 0 0 x, (1)
0 0 —-0.0112 0 0 0 —0.001 0
I_ 0 0 0 —0.0346 0 0 0 —0.00IJ
[0]4 x4
-0.4179 —-0.5211 -0.5211 —-0.4179
+ |-0.5211 —0.2319  0.2319  0.5211 |u(®)
0.2319 —-0.4179 —-0.4179  0.2319
|.—O.2319 —-0.4179 04179  0.2319
0.5211 0.4179 —-0.4179 -0.5211  0.2319 —0.2319
—c c B '7[0]4“ —-0.2319 —0.5211—' '7[0]4” —-0.5211 —-0.2319 —0.4179 —0.4179—'
YO=Cor() + G ()= —02319 05211 F ~05211 02319 —04179 04179 |7
0.5211 —0.4179 —-0.4179 05211  0.2319  0.2319



602 J. GUIDANCE, VOL. 25, NO. 3:

Table 2 Summarized results of case 1 and case 2

Case k(w) 1K |0 1K Crlltro 197 (K Cp)llivo
1 263.5680 113.1525 60.7262 3.0335
2 2801.7103 113.0615 47.0881 2.6789

As a result, the norm of the observation spillover term || K C, ||, is
60.7262.Inthis case, spilloverinstabilityoccurs, which can be easily
verified from the eigenvalues of the composite system in Eq. (6) as
describedin Table 1 (case 1). The underlined eigenvaluesin case 1,
which are shifted by spillover, makes the entire feedback control
system unstable.

Next, in the second case (case 2), the achievable parameter matrix
H“ is obtained as follows:

—10.7076 —20.5166 —11.0363 13.5645

Y 7.9923 14.7979 9.9422 —12.0749
i = —2.0429 -2.8253 —5.7019 6.7023
—2.6599 —6.3837 1.5093  —1.4936

In addition, the condition number of the achievable modal ma-
trix k(W) is 2081.7103. Then, the observer gain matrix K and
its Frobenious norm are calculated as follows:

—11.5548 —13.9220  45.3413 -59.0716

| —49.3056 502492 -—37.7653  21.2715
N 25023  —-0.5594 —2.2824 3.8838
3.7553 —4.1166 34873  —2.3422

K|l = 113.0615

As a result, the norm of the observation spillover term || K C, ||, is
47.0881. In this case, the stable entire feedback control system is
obtained by suppressingthe observationspillover,whichcanbe seen
from the eigenvalues of the composite system in Table 1 (case 2).
In simulations, two cases of observer design are compared in al-
most the same norm condition of K as seen in Table 2. In case 1,
we achieve a minimum conditionnumber of W* for the preassigned
eigenvalues, but it can not avoid spillover instability. On the other
hand, in case 2, the condition number k(¥“) increases compared
with case 1 because some partof the designfreedomfor eigenvectors
is used to design the parameter vectors to satisfy condition 1. How-
ever, we canreduce the norm of the observationspilloverterm K C,,
and spillover instability in case 1 is recovered. Consequently, the
observerdesignin case 2 has shown to be more effectiveand success-
ful in spillover suppressionthan that of case 1 in which the spillover
suppressionis dealt with simply as a robust stability problem.

VI. Conclusions

This Note presents a new spillover suppression method using
eigenstructure assignment, which can prevent possible instability
in the active control of large flexible structures caused by the ne-
glected dynamics of the higher modes of vibration by reducing their
detrimental effect of spillover. In simulations, by the comparison
of two cases of observer design, the proposed method has been
proven to be successfulin the spillover suppressionof large flexible
structures.
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Solar Sail Hybrid Trajectory
Optimization for Non-Keplerian
Orbit Transfers

Gareth W. Hughes* and Colin R. McInnes’
University of Glasgow,
Glasgow, Scotland G12 8QQ, United Kingdom

Introduction

OLAR sails have long been seen as an attractive concept for

low-thrustpropulsion. They transcendrelianceon reactionmass
and have the ability to provide a small, but continuous, acceleration.
Because propellantmass is not an issue, high-performancesails can
enablenew exoticnon-Keplerianorbits (NKOs)' thatare notfeasible
for conventionalchemical or electric propulsion. A constant out-of-
plane sail force is utilized to raise the spacecraft’s orbit high above
the ecliptic plane in two- or three-body systems. Potential benefits
to the science community are large. Circular, displaced orbits can
be used to provide continuous observation of the solar poles or to
provide a unique vantage point for infrared astronomy. (There is
much less resolution-limitingdust out of the ecliptic plane enabling
smaller telescope mirror dimensions for equivalent performance.)
Very-high-performance sails can even levitate, in equilibrium, at
any point in space.

Three parameters of the NKO determine what sail acceleration
and orientation is required: the vertical displacement z above the
ecliptic plane in the direction of the ecliptic normal, the horizontal
distance p from the sun in the ecliptic plane, and the orbit period
T, which is usually taken to be one year so that the sail orbits syn-
chronously with the Earth. The sail lightnessnumber g is defined as
the ratio of the sail characteristicacceleration [solar radiation pres-
sure induced acceleration at 1 astronomical unit (AU)] to the solar
gravitational acceleration at 1 AU. Because both have an inverse
square form, the sail lightness number is a dimensionless constant.
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